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1. INTRODUCTION
The Fourier-Mellin transform is an excellent tool in order
to achieve translation, rotation and scale invariant shape
recognition. It has recently been extended to the algebra
of quaternionsH in the form of the quaternionic Fourier-
Mellin Transform [2], which in principle also allows a
non-marginal processing of color images. Beyond this
new progress has been made in the study and complete
classification of square roots of −1 in real Clifford alge-
bras Cl(p,q) [3, 4, 5, 6]. In this paper1 we make therefore
a first attempt to generalize the Fourier-Mellin transform
to Clifford algebras Cl(p,q), p+q = 2, using a set of two
real square roots of −1, f ,g ∈ Cl(p,q), f 2 = g2 = −1.
This includes the case of quaternions, because of the
isomorphism H ≡ Cl(0,2), but in addition the algebras
Cl(2,0) and Cl(1,1) are also included. First, for the
quaternion Fourier transform a split of quaternions with
respect to any two pure unit quaternions has been devel-
oped [7, 8]. It has also been applied to the quaternionic
Fourier-Mellin Transform, and it has been generalized to
Clifford algebras [9]. We will also apply this split.
2. CLIFFORD’S GEOMETRIC
ALGEBRA
Definition 2.1 (Clifford’s geometric algebra [10, 11])
Let {e1,e2, . . . ,ep,ep+1, . . ., en}, with n = p+q, e2k = εk,
εk = +1 for k = 1, . . . , p, εk = −1 for k = p+ 1, . . . ,n,
be an orthonormal base of the inner product vector
space Rp,q with a geometric product according to the
multiplication rules
ekel + elek = 2εkδk,l , k, l = 1, . . .n, (1)
1 Please respect the Creative Peace License regarding the content of
this paper [1].
where δk,l is the Kronecker symbol with δk,l = 1 for k = l,
and δk,l = 0 for k 6= l. This non-commutative product
and the additional axiom of associativity generate the
2n-dimensional Clifford geometric algebra Cl(p,q) =
Cl(Rp,q) =Clp,q = Gp,q =Rp,q over R. The set {eA : A⊆
{1, . . . ,n}}with eA = eh1eh2 . . .ehk , 1≤ h1 < .. . < hk ≤ n,
e /0 = 1, forms a graded (blade) basis of Cl(p,q). The
grades k range from 0 for scalars, 1 for vectors, 2 for
bivectors, s for s-vectors, up to n for pseudoscalars. The
vector space Rp,q is included in Cl(p,q) as the subset
of 1-vectors. The general elements of Cl(p,q) are real
linear combinations of basis blades eA, called Clifford
numbers, multivectors or hypercomplex numbers.
In general 〈A〉k denotes the grade k part of A ∈
Cl(p,q). The parts of grade 0 and k+ s, respectively, of
the geometric product of a k-vector Ak ∈Cl(p,q) with an
s-vector Bs ∈Cl(p,q)
Ak ∗Bs := 〈AkBs〉0, Ak ∧Bs := 〈AkBs〉k+s, (2)
are called scalar product and outer product, respectively.
For Euclidean vector spaces (n = p) we use Rn =
Rn,0 and Cl(n) = Cl(n,0). Every k-vector B that can be
written as the outer product B = b1 ∧ b2 ∧ . . .∧ bk of k
vectors b1,b2, . . . ,bk ∈Rp,q is called a simple k-vector or
blade.
Multivectors M ∈ Cl(p,q) have k-vector parts (0 ≤
k ≤ n): scalar part Sc(M) = 〈M〉 = 〈M〉0 = M0 ∈ R,
vector part 〈M〉1 ∈ Rp,q, bi-vector part 〈M〉2, . . . , and
pseudoscalar part 〈M〉n ∈∧nRp,q
M =∑
A
MAeA = 〈M〉+ 〈M〉1 + 〈M〉2 + . . .+ 〈M〉n . (3)
The principal reverse of M ∈Cl(p,q) defined as
M˜ =
n
∑
k=0
(−1) k(k−1)2 〈M〉k, (4)
often replaces complex conjugation and quaternion con-
jugation. Taking the reverse is equivalent to reversing the
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order of products of basis vectors in the basis blades eA.
The operation M means to change in the basis decompo-
sition of M the sign of every vector of negative square
eA = εh1eh1εh2eh2 . . .εhk ehk , 1 ≤ h1 < .. . < hk ≤ n. Re-
version, M, and principal reversion are all involutions.
The principal reverse of every basis element eA ∈
Cl(p,q), 1≤ A≤ 2n, has the property
e˜A ∗ eB = δAB, 1≤ A,B≤ 2n, (5)
where the Kronecker delta δAB = 1 if A = B, and δAB =
0 if A 6= B. For the vector space Rp,q this leads to a
reciprocal basis el , 1≤ l,k ≤ n
el := e˜l = εlel ,
el ∗ ek = el · ek =
{
1, for l = k
0, for l 6= k . (6)
For M,N ∈ Cl(p,q) we get M ∗ N˜ = ∑A MANA. Two
multivectors M,N ∈Cl(p,q) are orthogonal if and only
if M ∗ N˜ = 0. The modulus |M| of a multivector M ∈
Cl(p,q) is defined as
|M|2 = M ∗ M˜ =∑
A
M2A. (7)
2.1. Multivector signal functions
A multivector valued function f :Rp,q→Cl(p,q), has
2n blade components ( fA : Rp,q→ R)
f (x) =∑
A
fA(x)eA, x=
n
∑
l=1
xlel =
n
∑
l=1
xlel . (8)
We define the inner product of two functions f ,g :
Rp,q→Cl(p,q) by
( f ,g) =
∫
Rp,q
f (x)g˜(x) dnx
=∑
A,B
eAe˜B
∫
Rp,q
fA(x)gB(x) dnx, (9)
with the symmetric scalar part
〈 f ,g〉=
∫
Rp,q
f (x)∗ g˜(x) dnx
=∑
A
∫
Rp,q
fA(x)gA(x) dnx, (10)
and the L2(Rp,q;Cl(p,q))-norm
‖ f‖2 = 〈( f , f )〉=
∫
Rp,q
| f (x)|2dnx
=∑
A
∫
Rp,q
f 2A(x) d
nx, (11)
L2(Rp,q;Cl(p,q))
= { f : Rp,q→Cl(p,q) | ‖ f‖< ∞}. (12)
The vector derivative ∇ of a function f : Rp,q →
Cl(p,q) can be expanded in a basis of Rp,q as [14]
∇=
n
∑
l=1
el∂l with ∂l = ∂xl =
∂
∂xl
, 1≤ l ≤ n. (13)
2.2. Square roots of −1 in Clifford algebras
2.2.1. The ± split with respect to two square
roots of −1
With respect to any square root f ∈ Cl(p,q) of −1,
f 2 =−1, every multivector A ∈Cl(p,q) can be split into
commuting and anticommuting parts [5].
Lemma 2.2 Every multivector A ∈ Cl(p,q) has, with
respect to a square root f ∈ Cl(p,q) of −1, i.e., f−1 =
− f , the unique decomposition
A+ f =
1
2
(A+ f−1A f ), A− f =
1
2
(A− f−1A f )
A = A+ f +A− f , A+ f f = f A+ f ,
A− f f =− f A− f . (14)
For f ,g ∈ Cl(p,q) an arbitrary pair of square roots
of −1, f 2 = g2 = −1, the map f ()g is an involution,
because f 2xg2 = (−1)2x = x,∀x ∈Cl(p,q). In [7] a split
of quaternions by means of the pure unit quaternion basis
elements i, j ∈ H was introduced, and generalized to a
general pair of pure unit quaternions in [8]. We here use
a generalized version of the split for Cl(p,q) [9].
Definition 2.3 (± split with respect to two√−1) Let
f ,g ∈ Cl(p,q) be an arbitrary pair of square roots of
−1, f 2 = g2 = −1, including the cases f = ±g. The
general ± split is then defined with respect to the two
square roots f ,g of −1 as
x± =
1
2
(x± f xg), ∀x ∈Cl(p,q). (15)
Note that the split of Lemma 2.2 is a special case of
Definition 2.3 with g =− f .
We observe from (15), that f xg = x+− x−, i.e. under
the map f ()g the x+ part is invariant, but the x− part
changes sign
f x±g =±x±. (16)
The two parts x± can be represented with Lemma 2.2
as linear combinations of x+ f and x− f , or of x+g and x−g
x± = x+ f
1± f g
2
+ x− f
1∓ f g
2
=
1± f g
2
x+g +
1∓ f g
2
x−g. (17)
FIGURE 1. Manifolds [5] of square roots f of −1 in Cl(2,0) (left), Cl(1,1) (center), and Cl(0,2)∼=H (right). The square roots
are f = α+b1e1 +b2e2 +βe12, with α,b1,b2,β ∈ R, α = 0, and β 2 = b21e22 +b22e21 + e21e22.
For Cl(0,2)∼=M (2d,C), or for both f ,g being blades
in Cl(2,0) or Cl(1,1), we have f˜ = − f , g˜ = −g. We
therefore obtain the following lemma.
Lemma 2.4 (Orthogonality of two ± split parts [9])
Given any two multivectors x,y ∈Cl(p,q) and applying
the ± split (15) with respect to two square roots of −1
we get zero for the scalar part of the mixed products
Sc(x+y˜−) = 0, Sc(x−y˜+) = 0. (18)
Finally, we have the general identity [9]
eα f x±eβg = x±e(β∓α)g = e(α∓β ) f x±. (19)
3. THE CLIFFORD FOURIER MELLIN
TRANSFORMATIONS (CFMT)
3.1. Robert Hjalmar Mellin (1854–1933)
Robert Hjalmar Mellin (1854–1933) [12], Fig. 2, was
a Finnish mathematician, a student of G. Mittag-Leffler
and K. Weierstrass. He became the director of the Poly-
technic Institute in Helsinki, and in 1908 first professor
of mathematics at Technical University of Finland. He
was a fervent fennoman with fiery temperament, and co-
founder of the Finnish Academy of Sciences. He became
known for the Mellin transform with major applications
to the evaluation of integrals, see [13], which lists 1624
references. During his last 10 years he tried to refute Ein-
stein’s theory of relativity as logically untenable.
FIGURE 2. Robert Hjalmar Mellin (1854–1933). Image:
[12] and Wikipedia.
Definition 3.1 (Classical Fourier Mellin transf. (FMT))
∀(v,k) ∈ R×Z, M {h}(v,k) =
=
1
2pi
∫ ∞
0
∫ 2pi
0
h(r,θ)r−ive−ikθdθ
dr
r
, (20)
where h : R2 → R denotes a function representing, e.g.,
a gray level image defined over a compact set of R2.
Well known applications are to shape recognition (inde-
pendent of rotation and scale), image registration, and
similarity.
3.2. Inner product, symmetric part, norm
of Clifford-valued functions
For Cl(0,2)∼=M (2d,C), or for both f ,g being blades
in Cl(2,0) or Cl(1,1), we have f˜ = − f , g˜ = −g.
We therefore obtain the following Pythagorean modulus
identity for the L2(R2;Cl(p,q))-norm, p+q = 2, i.e.,
‖h‖2 = ‖h+‖2 +‖h−‖2 . (21)
We now define the generalization of the FMT to
Clifford-valued signals.
Definition 3.2 (Clifford FMT (CFMT)) Let f ,g ∈
Cl(p,q) : f 2 = g2 = −1, p+ q = 2, be any pair of real
square roots of −1 in Cl(p,q), p+ q = 2. The Clifford
Fourier Mellin transform (CFMT) is given by
∀(v,k) ∈ R×Z, hˆ(v,k) =M {h}(v,k) =
=
1
2pi
∫ ∞
0
∫ 2pi
0
r− f vh(r,θ)e−gkθdθ
dr
r
, (22)
where h : R2→Cl(p,q) denotes a function from R2 into
the real Clifford Cl(p,q), p + q = 2, such that |h| is
summable over R∗+ × S1 under the measure dθ drr . R∗+
is the multiplicative group of positive and non-zero real
numbers.
For special pure unit quaternion (isomorphic to Cl(0,2))
values f = i, g = j we have the special case
∀(v,k) ∈ Z×R, hˆ(v,k) =M {h}(v,k) =
=
1
2pi
∫ ∞
0
∫ 2pi
0
r−ivh(r,θ)e− jkθdθ
dr
r
, (23)
Note, that the ± split and the CFMT commute:
M {h±}=M {h}±.
Theorem 3.3 (Inverse CFMT) The CFMT can be in-
verted by
h(r,θ) =M−1{h}(r,θ)
=
1
2pi
∫ ∞
−∞ ∑k∈Z
r f v hˆ(v,k)egkθdv. (24)
The proof uses
1
2pi ∑k∈Z
egk(θ−θ
′) = δ (θ −θ ′), r f v = e f v lnr,
1
2pi
∫ 2pi
0
e f v(ln(r)−s)dv = δ (ln(r)− s). (25)
We now investigate the basic properties of the CFMT.
First, left linearity: For α,β ∈ {q | q = qr +q f f , qr,q f ∈
R},
m(r,θ) = αh1(r,θ)+βh2(r,θ)
=⇒ mˆ(v,k) = α hˆ1(v,k)+β hˆ2(v,k). (26)
Second, right linearity: For α ′,β ′ ∈ {q | q = qr +
qgg, qr,qg ∈ R},
m(r,θ) = h1(r,θ)α ′+h2(r,θ)β ′
=⇒ mˆ(v,k) = hˆ1(v,k)α ′+ hˆ2(v,k)β ′. (27)
The linearity of the CFMT leads to
M {h}(v,k) =M {h−+h+}(v,k)
=M {h−}(v,k)+M {h+}(v,k), (28)
which gives rise to the following thoerem about the
quasi-complex FMT like forms for CFMT of h±.
Theorem 3.4 (Quasi-complex forms for CFMT)
The CFMT of h± parts of h ∈ L2(R2,H) have simple
quasi-complex forms
M {h±}= 12pi
∫ ∞
0
∫ 2pi
0
h±r±gve−gkθdθ
dr
r
=
1
2pi
∫ ∞
0
∫ 2pi
0
r− f ve± f kθh±dθ
dr
r
. (29)
Theorem 3.4 allows to use discrete and fast software to
compute the CFMT based on a pair of complex FMT
transformations.
For Cl(0,2)∼=M (2d,C), or for both f ,g being blades
in Cl(2,0) or Cl(1,1), we have f˜ = − f , g˜ = −g, and
under these conditions we have for the two split parts of
the CFMT, the following lemma.
Lemma 3.5 (Modulus identities) Due to |x|2 = |x−|2 +
|x+|2, for Cl(0,2) ∼= M (2d,C), or for both f ,g be-
ing blades in Cl(2,0) or Cl(1,1), we get for f : R2 →
Cl(p,q), p+q = 2, the following identities
|h(r,θ)|2 = |h−(r,θ)|2 + |h+(r,θ)|2,
|M {h}(v,k)|2 = |M {h−}(v,k)|2 + |M {h+}(v,k)|2.
(30)
Further properties are scaling and rotation: For
m(r,θ) = h(ar,θ +φ), a > 0, 0≤ φ ≤ 2pi ,
m̂(v,k) = a f vhˆ(v,k)egkφ . (31)
Moreover, we have the following magnitude identity:
|m̂(v,k)|= |hˆ(v,k)|, (32)
i.e. the magnitude of the CFMT of a scaled and rotated
quaternion signal m(r,θ) = h(ar,θ + φ) is identical to
the magnitude of the CFMT of h. Equation (32) forms
the basis for applications to rotation and scale invariant
shape recognition and image registration. This may now
be extended to color images, since quaternions can en-
code colors RGB in their i, j,k components, and to sig-
nals with values in Cl(2,0) and Cl(1,1).
The reflection at the unit circle (r→ 1r ) leads to
m(r,θ) = h(
1
r
,θ)
=⇒ m̂(v,k) = hˆ(−v,k). (33)
Reversing the sense of sense of rotation (θ → −θ )
yields
m(r,θ) = h(r,−θ)
=⇒ m̂(v,k) = hˆ(v,−k). (34)
Regarding radial and rotary modulation we assume
m(r,θ) = r f v0 h(r,θ)egk0θ , v0 ∈ R, k0 ∈ Z. (35)
Then we get
m̂(v,k) = hˆ(v− v0,k− k0). (36)
3.3. CFMT derivatives and power scaling
We note for the logarithmic derivative that dd lnr =
r ddr = r∂r,
M {(r∂r)nh}(v,k) = ( f v)nhˆ(v,k), n ∈ N. (37)
Applying the angular derivative with respect to θ we
obtain
M {∂ nθ h}(v,k) = hˆ(v,k)(gk)n, n ∈ N. (38)
Finally, power scaling with lnr and θ leads for all m,n ∈
N, to
M {(lnr)mθ nh}(v,k) = f m ∂mv ∂ nk hˆ(v,k)gn. (39)
3.4. CFMT Plancherel and Parseval
theorems
For the CFMT we have the following two theorems.
Theorem 3.6 (CFMT Plancherel theorem) The scalar
part of the inner product of two functions h,m : R2 →
Cl(p,q), p+q = 2, is
〈h,m〉= 〈hˆ, m̂〉. (40)
Theorem 3.7 (CFMT Parseval theorem) Let h : R2→
Cl(p,q), p+q = 2, and assume Cl(0,2)∼=M (2d,C), or
for both f ,g being blades in Cl(2,0) or Cl(1,1), then
‖h‖= ‖hˆ‖, ‖h‖2 = ‖hˆ‖2 = ‖hˆ+‖2 +‖hˆ−‖2. (41)
4. SYMMETRY OF THE CFMT
The CFMT of real signals analyzes symmetry. The fol-
lowing notation will be used2. The function hee is even
with respect to (w.r.t.) r→ 1r ⇐⇒ lnr→− lnr, i.e. w.r.t.
the reflection at the unit circle, and even w.r.t. θ →−θ ,
i.e. w.r.t. reversing the sense of rotation (reflection at the
θ = 0 line of polar coordinates in the (r,θ )-plane). Sim-
ilarly we denote by heo even-odd symmetry, by hoe odd-
even symmetry, and by hoo odd-odd symmetry.
Let h be a real valued function R2→R. The CFMT of
h results in
hˆ(v,k) = hˆee(v,k)︸ ︷︷ ︸
real part
+ hˆeo(v,k)︸ ︷︷ ︸
f -part
+ hˆoe(v,k)︸ ︷︷ ︸
g-part
+ hˆoo(v,k)︸ ︷︷ ︸
f g-part
.
(42)
The CFMT of a real signal therefore automatically sep-
arates components with different combinations of sym-
metry w.r.t. reflection at the unit circle and reversal of
the sense of rotation. The four components of the CFMT
kernel differ by radial and angular phase shifts.
5. CONCLUSIONS
We have generalized the Fourier-Mellin transform to
a Clifford Fourier Mellin transform (CFMT) acting on
Cl(p,q)-valued signals, with p+ q = 2, which includes
the previously treated case of quaternions [2], as well
as the algebras Cl(2,0) and Cl(1,1). We have derived
several properties of this transform: inversion, linearity,
quasi-complex (split) forms, and a (split) modulus iden-
tity. Beyond this for scaling, rotation, the total modulus
remains invariant. This forms the foundation for transla-
tion, rotation and scale invariant shape recognition. We
have further studied symmetry properties of the CFMT,
derivatives and power scaling, Plancherel and Parseval
theorems.
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